In this article we discuss lattice convexity and concavity of Calderón-Lozanovskii space E ϕ , generated by a quasi-Banach space E and an increasing Orlicz function ϕ. We give estimations of convexity and concavity indices of E ϕ in terms of Matuszewska-Orlicz indices of ϕ as well as convexity and concavity indices of E. In the case when E ϕ is a rearrangement invariant space we also provide some estimations of its Boyd indices. As corollaries we obtain some necessary and sufficient conditions for normability of E ϕ , and conditions on its nontrivial type and cotype in the case when E ϕ is a Banach space. We apply these results to Orlicz-Lorentz spaces receiving estimations, and in some cases the exact values of their convexity, concavity and Boyd indices.
Introduction
The Calderón-Lozanovskii spaces E ϕ , where E is a Banach space and ϕ is a convex Young function, have been recently studied in several articles mostly in order to characterize their geometric properties like (local) uniform rotundity or monotonicity conditions (e.g. [2] , [6] , [7] ). Here we extend our studies to the Calderón-Lozanovskii spaces E ϕ , generated by a quasi-Banach space E and an increasing Orlicz function ϕ. This more general setting seems to be a natural environment for the main purpose of this article which is an investigation of the lattice convexity and concavity of E ϕ .
The paper is divided into five parts. The first one, called preliminaries, contains all necessary definitions and recalls some auxiliary results. In the second part we discuss some basic properties of the Calderón-Lozanovskii spaces E ϕ such as the Fatou property, its completeness and we state some results on comparison between these spaces generated by different functions ϕ and ψ. The third part consists of the main results of the paper, which are estimations of convexity and concavity indices and some corollaries on nontrivial type and cotype of E ϕ . The Boyd indices of E ϕ , in the case when E ϕ is a rearrangement
Preliminaries
We start with some notions and definitions which we will need further in the paper. In the following N, R, R + and R + stand for the sets of natural numbers, reals, nonnegative reals and interval [0, ∞], respectively. Given a vector space X the functional x → x is called a quasi-norm if the following three conditions are satisfied: x = 0 iff x = 0; ax = |a| x , x ∈ X, a ∈ R; there exists C ≥ 1 such that x 1 + x 2 ≤ C( x 1 + x 2 ), x 1 , x 2 ∈ X. We will say that X = (X, ) is a quasi-Banach space if it is complete. For 0 < p ≤ 1, x → x is called a p-norm if it satisfies the first two conditions of the quasi-norm and the condition that for any x 1 , x 2 ∈ X, x 1 + x 2 p ≤ x 1 p + x 2 p . Recall that the Aoki-Rolewicz theorem (cf. [9] ) states that for any quasi-normed space there exists an equivalent p-norm for some 0 < p ≤ 1. We say that a quasi-Banach space X is p-normable, 0 < p ≤ 1, if there exists in X a p-norm equivalent to the quasi-norm in X. In the case when p = 1 we simply say that the space is normable. A quasi-Banach space (X, ) which in addition is a vector lattice and x ≤ y whenever |x| ≤ |y| is called a quasi-Banach lattice. Following Kalton in [8] , a quasi-Banach lattice X or its quasi-norm is said to be p-convex (order), 0 < p < ∞, respectively q-concave (order), 0 < q < ∞, if there is a constant K > 0 such that
for every choice of vectors x 1 , . . . , x n ∈ X. A quasi-Banach lattice X is said to satisfy an upper p-estimate, 0 < p < ∞, respectively a lower q-estimate, 0 < q < ∞, if the definition of p-convexity, respectively q-concavity, holds true for any choice of disjointly supported elements x 1 , . . . , x n in X.
It is known that given 0 < p < ∞, if X is p-convex (resp. p-concave), then X is r-convex (resp. r-concave) for 0 < r < p (resp. r > p) ([3] , [8] ). We also observe that for 0 < p ≤ 1, p-convexity implies p-normability and this in turn yields an upper p-estimate. The opposite implication is not satisfied since the weak space L p,∞ (0, 1), 0 < p < 1, is p-normable but not p-convex (cf. [8] ). For p = 1, 1-convexity is equivalent to normability.
Given a quasi-Banach lattice X we define two types of convexity and concavity indices as follows: (X) , and by the AokiRolewicz theorem, p d (X) > 0. It is also well known that for Banach lattices,
, there exists 0 < < 1 so that if y ∈ X with y = 1 and 0
Given 0 < p < ∞ and a quasi-Banach lattice X let
By L 0 we denote the space of all (equivalence classes of) Lebesgue-measurable functions f from I to R, where either
In the latter case L 0 is the space of all real valued sequences defined on a discrete measure space (N, 2 N ) with a counting measure. A quasi-normed function space E = (E, E ) is a quasi-normed sublattice of L 0 such that
(ii) There exists f ∈ E such that f (t) = 0 for all t ∈ I .
If E = (E, E ) is complete then it is called a quasi-Banach function space. We say that an element f ∈ E is order continuous, if for any sequence (f n ) in E such that |f n | → 0 a.e. and |f n | ≤ f a.e., there holds f n E → 0. Let E a denote the subspace of all order continuous elements in E. Then E is called order continuous if E = E a . We say that (E, E ) has the Fatou property, if whenever 0 ≤ f n ∈ E for n ∈ N, f ∈ L 0 , f n ↑ f a.e. and sup n f n E < ∞, then f ∈ E and f n E ↑ f E .
A quasi-Banach function space E is said to be rearangement invariant (or r.i.) if for every f ∈ L 0 and g ∈ E with µ f = µ g , we have f ∈ E and f E = g E . Recall that µ f denotes the distribution function of f , i.e., µ f (λ) = |{t ∈ I : |f (t)| > λ}|, λ ≥ 0, where | | is the Lebesgue measure on (0, 1] or (0, ∞) or a counting measure in the discrete case. The decreasing rearrangement f * of f is defined by f * (t) = inf{λ > 0 : µ f (λ) ≤ t}, t ∈ I . Given a r.i. space E, let be its fundamental function, that is (0) = 0 and if
Obviously is increasing. One can also show, by following the proof in the Banach space case (see e.g. Th. 4.7 and 4.5 in [16] ), that (u)/u r is decreasing, where r > 0 is the constant such that E is r-normable. This implies among others that is continuous on (0, ∞) and right-continuous at 0 iff E = E a , whenever E is defined on (0, 1] or (0, ∞). For a r.i. quasi-Banach space E over (I, | |) the lower and upper Boyd indices are defined analogously as for r.i. Banach spaces that is
). In the case of the discrete measure we define the Boyd indices similarly replacing the dilation of functions by dilation of sequences defined for f = (x 1 , x 2 , . . .) and n ∈ N as
Given an arbitrary function F : J → R + , where J is an interval in R + , we define the lower and upper Matuszewska-Orlicz indices as follows:
for some C > 0 and all u ∈ J , 0 < a ≤ 1, au ∈ J },
for some C > 0 and all u ∈ J , a ≥ 1, au ∈ J }.
If J = R + and F : R + → R + then α(F ) and β(F ) will be often denoted by α a (F ) and β a (F ). For F : R + → R + we shall also consider the indices for indices, convexity and concavity of calderón-lozanovskii . . . 145 "large arguments"
for some C > 0, u 0 ≥ 0 and all u ≥ u 0 , 0 < a ≤ 1},
for some C > 0, u 0 ≥ 0 and all u ≥ u 0 , a ≥ 1}, and for "small arguments"
LetF (u) = 1/F (1/u) assuming that 1/∞ = 0 and 1/0 = ∞. Some auxiliary relations between indices and operations on functions are listed in the following proposition.
Proposition 1.1 ([20] , [21] ). Let F, G : R + → R + be strictly increasing unbounded functions. Then the following equalities are satisfied:
The equalities hold if either F or G is a power function.
A mapping ϕ : R + → R + is said to be an Orlicz function if ϕ(0) = 0, ϕ is continuous, strictly increasing and lim u→∞ ϕ(u) = ∞. For any Orlicz function ϕ and any quasi-Banach function lattice (E, E ), we define the Calderón-Lozanovskii space E ϕ by
where ϕ • |f |(t) = ϕ(|f (t)|) for any t ∈ I . For every f ∈ E ϕ the following functional is finite
If E is a Banach function space with the Fatou property and ϕ is a convex Orlicz function, then (E ϕ , ϕ ) is a Banach function space ( [2] , [6] ) and then E ϕ is a special case of a general Calderón-Lozanovskii construction (E, F ), where E is a Banach function space and
of E and by analogy E ϕ is called a ϕ-convexification of E whenever ϕ is convex. We also observe that if E is an r.i. space then E ϕ is also rearrangement invariant.
In the process of studying the properties of E ϕ , we extract three classes of quasi-Banach spaces E:
These classes determine conditions imposed on ϕ. In general, the first class is associated with the behaviour of ϕ for large arguments, the second class with small arguments, and the third one with all arguments. Therefore the Matuszewska-Orlicz indices marked with "∞" will usually appear in case (1) of E, those with "0" will occur in case (2) and the indices with "a" will be of use for class (3) 
Since in the sequel we frequently use the terms "all arguments", "large arguments" and "small arguments" we will abbreviate them as "a.a.", "l.a." and "s.a.", respectively.
Recall that ϕ satisfies condition 2 for l.a., s.a. or a.a. whenever there exist K > 0 and u 0 ≥ 0 such that ϕ(2u) ≤ Kϕ(u) for all u ≥ u 0 , for all 0 ≤ u ≤ u 0 with u 0 > 0, or for all u ≥ 0, respectively. It is well known that ϕ satisfies condition 2 for l.a., s.a. or a.a. iff β j (ϕ) < ∞ for j = ∞, j = 0 or j = a, respectively ( [20] , [21] ). The Orlicz functions ϕ and ψ are said to be equivalent for a.a. (resp. l.a., s.a.) if there exist positive constants
For equivalent functions the suitable Matuszewska-Orlicz indices are equal ( [22] , [20] , [21] ), where "a", "∞" or "0" indices are associated with equivalence for all, large or small arguments, respectively.
An arbitrary function F : R + → R + is said to be pseudo-increasing for a.a. (resp. l.a., s.a.) whenever there exist 
Properties of Calderón-Lozanovskii spaces
We start this section with two lemmas that have their analogies in Banach spaces.
Lemma 2.1. A quasi-normed function space (E, E ) with the Fatou property is complete.
Proof. Let (f n ) ⊂ E be a Cauchy sequence. By the Aoki-Rolewicz theorem we assume that (E, E ) is a p-norm for some 0 < p ≤ 1. Following the proof of Theorem 1 on p. 96 in [14] we can show that there exists a subsequence (f n k ) and f ∈ L 0 such that f n k → f a.e.. Assuming that f n → f a.e. and applying the Fatou property we have that f ∈ E and for all n ∈ N, f − f n ≤ lim inf m→∞ f m − f n E , which completes the proof.
Lemma 2.2. Let (E, E ) be a quasi-Banach space with the Fatou property.
Then the following properties are satisfied:
(ii) The space (E ϕ , ) has the Fatou property.
Proof. Since (E, E ) satisfies the Fatou property, the function h(λ)
Hence f ∈ E ϕ and f = sup n f n , which completes the proof.
We will need further the following result comparing different E ϕ spaces. Theorem 2.3. Let E be a quasi-Banach function space and ϕ and ψ be Orlicz functions with α j (ϕ) > 0 and α j (ψ) > 0 for j = ∞, j = 0 and j = a whenever E is in class (1), (2) or (3), respectively. Then (2) , and for all u ≥ 0 if E is in class (3).
Proof. Assume that E is in class (1) and that the inequality (2.1) holds for large arguments and let α ∞ (ϕ) > 0. Let C > 1 be the constant in a triangle inequality of E . We choose the constants
and
for all t ∈ I . Hence
where M > 1. By the assumption α ∞ (ϕ) > 0, for some p > 0 and all t ∈ I ,
.
The proofs of the other two cases are similar so we omit the details.
We are able to provide partial converse of the above comparison result. Below we present a sample of such result in the case when L ∞ ⊂ E and the measure is nonatomic. Proof. Without loss of generality we assume that E a = E. Let 0 < r ≤ 1 be the number such that E is r-normable. At first observe that ν(A) = χ A E defined on a σ -algebra of Lebesgue measurable sets in I is a submeasure in the sense of Definition 1 in [5] . Indeed, lim n ν(A n ) = 0 for every sequence (A n ) with A n ∅, in view of order continuity of E. Moreover, for every set
As a consequence, by Theorem 10 in [5] , we conclude that the submeasure ν(A) = χ A E has the Darboux property. After this preparation, assume that inequality (2.1) is not satisfied for large arguments. Thus, for every n, m ∈ N there exists u nm > 0 such that u nm → ∞ as n, m → ∞ and
for all n, m ∈ N. By the Darboux property of ν, there exist measurable disjoint sets A nm such that
for sufficiently large n, m ∈ N. Define for t ∈ I ,
and so f ∈ E ψ . However, on the other hand for any λ > 0 there exists M ∈ N such that 2 −M < λ and assuming that ϕ(λf ) ∈ E we have for every n, m > M,
which is a contradiction. Thus ρ ϕ (λf ) = ∞ for every λ > 0, and so f / ∈ E ϕ .
Remark. If E a = {0} then the above result does not need to hold. Indeed, let E = L ∞ . Then E a = {0} and for any Orlicz functions ϕ and ψ,
Theorem 2.5. Let E be a quasi-Banach space with the Fatou property and ϕ be an Orlicz function such that α j (ϕ) > 0 for j = ∞, j = 0 or j = a whenever E is in class (1), (2) Proof. We shall show that ϕ is a quasi-norm under the assumption that α a (ϕ) > 0. For other indices the proof will be analogous. At first observe that if E is r-normable for some 0 < r ≤ 1 and when ϕ is convex then 
, which means that ϕ is a quasinorm. Finally we note that the space is complete in view of Lemmas 2.1 and 2.2, which ends the proof.
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Indices of convexity and concavity of Calderón-Lozanovskii spaces
Before we prove our main result we will need the following lemma.
Lemma 3.1. Let ϕ be an Orlicz function and 0 < s < ∞. Asume also that ϕ(u s ) is convex (resp. concave). Then for any f ∈ E ϕ , the following holds true:
Proof. We shall prove only (i) assuming that ϕ(u s ) is concave. Indeed, if
for all u ≥ 0, whence
Hence f ≤ ρ s (f ).
Theorem 3.2. Let E and ϕ be as in Theorem 2.5. Then the following inequalities hold:
for j = ∞, j = 0 or j = a whenever E is in class (1), (2) or (3), respectively.
Proof. We shall prove only the right hand side inequalities in both (i) and (ii) for j = ∞. The remaining inequalities can be obtained analogously. 
Starting with (i) we assume that both β ∞ (ϕ) and p d (E) are finite. For any r > p d (E), E does not satisfy an upper r-estimate, that is for every
which proves that E ϕ does not satisfy an upper q-estimate. We conclude that 
where K is a constant in the lower q/s-estimate. Since we can always take 0 < K < 1, by convexity of ϕ(u r ) we obtain
which simply means that E ϕ satisfies a lower q-estimate. 
Proof. Suppose at first that ϕ is convex and let 1/r > β j (ϕ) . Then in view of Theorems 1.2 and 2.3, we assume without loss of generality that ϕ(u r ) is concave. Let now 0 ≤ f i ≤ h, h = 1 and
The L-convexity of E then implies that max ϕ(f i ) E ≥ . Thus max ϕ(f i / ) E ≥ max (1/ )ϕ(f i ) E ≥ 1 and so max f i ≥ . It follows that E ϕ is L-convex whenever ϕ is convex. By the assumption that the lower index of ϕ is positive and in view of Theorems 1.2 and 2.3, we assume that ϕ(u 1/p ) is convex for some 0 < p < ∞. Now applying the first part, E ϕ(u 1/p ) is L-convex and so s-convex for some 0 < s ≤ 1 by Th. 2.2 in [8] . Therefore, for any functions
Thus E ϕ is ps-convex and so it is L-convex.
The next Corollary is an immediate consequence of Theorem 3.2, Proposition 3.3 and Th. 2.2 in [8] .
Corollary 3.4. Let E and ϕ be as in Proposition
Corollary 3.5. Let E and ϕ be as in Proposition 3.3, and assume that In the case when E is a Banach function space and ϕ is a convex Orlicz function, so E ϕ is a Banach lattice, we can restate Theorem 2.5 in terms of indices p c (E ϕ ) and q c (E ϕ ). We can also infer some corollaries about type and cotype of E ϕ . We refer to [17] for definition of type and cotype of Banach spaces and their relations with convexity and concavity in Banach lattices. 
In the next two corollaries we will say that ϕ satisfies condition 2 whenever ϕ satisfies 2 for l.a., s.a. or a.a. for E in class (1), (2) or (3) Proof. If E has a finite cotype then q c (E) < ∞, and if ϕ satisfies condition 2 then β j (ϕ) < ∞ for suitable j . Now, by (ii) of Corollary 3.6, q c (E ϕ ) < ∞ which yields that cotype of E ϕ is finite ( [17] , p. 100). Conversely, if E ϕ has finite cotype then again by (ii) of Corollary 3.6, E must also have a finite cotype. If ϕ does not satisfy condition 2 then by Corollary 5 in [6] , E ϕ is not order coninuous and thus, it contains an order isomorphic copy of l ∞ ( [14] , [17] ), and so E ϕ has no finite cotype.
Proof. It follows from the estimation of p c (E ϕ ) in (i) of Corollary 3.6, the relations between type and convexity ( [17] , p. 100) and the well known fact that a Banach space with a nontrivial type must possess a nontrivial cotype.
Remark. The full converse of the first part of the above corollary does not hold. The following example of E and ϕ (cf. [2] ) shows that p c (E) = 1 = α a (ϕ), E has finite cotype, ϕ satisfies condition 2 for a.a., and yet type of E ϕ is 2. Let
and let E be an Orlicz space L ψ on (0, ∞). It is easy to check that α a (ϕ) = 1 = α a (ψ) and that both ϕ and ψ satisfy condition 2 for a.a.. Thus
, and so the type of E ϕ is 2.
Boyd indices of Calderón-Lozanovskii spaces
Below there are given some estimations of the Boyd indices of the Calderón-Lozanovskii space E ϕ in the case when E is a r.i. space. (2) or (3), respectively.
where is a fundamental function of E.
Proof. (i) We will carry out the proof only for lower index, in the case when L ∞ ⊂ E. Assume that 1 E = 1, p(E) > 0 and α ∞ (ϕ) > 0. Let 0 < p < α ∞ (ϕ) and 0 < r < p(E). For any f ∈ E ϕ with f ≤ 1 it holds ϕ(|f |) E ≤ 1. Thus ϕ(|f |) ∈ E and clearly ϕ(|D a f |) ∈ E for any 0 < a < 1. By the definition of p(E) we have the estimation
for every 0 < a < 1 and some K > 1. Since p < α ∞ (ϕ), in view of Theorems 1.2 and 2.3 we assume without loss of generality that ϕ(u 1/p ) is convex. Thus for any 0 < a < 1 and all u ∈ I
and so
(ii) Let's show only the first inequality. By the assumption of symmetry of E, for every measurable A ⊂ I with |A| < ∞, χ A ∈ E ϕ . Moreover, 
Orlicz-Lorentz spaces
Now we apply the results from the previous part to Orlicz-Lorentz spaces. Although we will consider only spaces defined on I = (0, 1] or I = (0, ∞), the discrete case may be handled analogously. Let w : (0, ∞) → (0, ∞) be a measurable function such that
and S satisfies condition 2 , that is S(2t) ≤ KS(t) for all t ∈ Given an Orlicz function ϕ, let ϕ,w := ( 1,w ) ϕ . The space ϕ,w is then called the Orlicz-Lorentz space (cf. [10] , [20] ). In the case when ϕ(u) = u p , 0 < p < ∞, ϕ,w is denoted by p,w . If α j (ϕ) > 0 for j = a or j = ∞ depending on whether I = (0, 1] or I = (0, ∞), then by Theorem 2.5, ϕ,w is a r.i. quasi-Banach function space with the quasi-norm f := f ϕ,w = inf{ > 0 : I ϕ(f * / )w ≤ 1}. The Boyd indices of p,w under these general assumptions that 0 < p < ∞ and w is an arbitrary weight, can be calculated analogously as in the case when p,w is a Banach space, that is when w is decreasing and p ≥ 1 ( [16] ). Its convexity and concavity indices are also known (see [11] and [25] in case of arbitrary weight w and 0 < p < ∞ and also [26] in case when w is decreasing and p ≥ 1). Below we summarize all these results.
Theorem 5.1. Given 0 < p < ∞ and a weight function w, the following holds true:
Note that p,w is L-convex. Indeed, by condition 2 of S, α(S −1 ) = 1/β(S) > 0, which means that p,w has some positive convexity and so it is L-convex.
In view of Theorems 3.2 and 5.1, Corollary 3.4 and the above characterization for p = 1, we can state immediately the following theorem. 
Remark. In view of the above estimations, the Boyd indices of ϕ,w may be exactly calculated in the case when either ϕ or S is a power function (for w decreasing and ϕ convex see Th. 6.3 in [20] ). Indeed, if e.g. I = (0, ∞) and S(t) = t p , p > 0, then in view of Proposition 1.1, (w) satisfies the triangle inequality and so |f | = Hf ϕ,w is a norm in ϕ,w equivalent to f ϕ,w .
We conclude the paper with a corollary on type and cotype of ϕ,w . Recall that ϕ * (u) = sup v≥0 {uv − ϕ(v)}, u ≥ 0, is a complementary function to ϕ. (ii) Note that ϕ * satisfies condition 2 for a.a. or l.a. iff α j (ϕ) > 1 for j = a or j = ∞, respectively. Thus the sufficiency holds in view of (i) and Corollary 3.8. Conversely, if the type of E ϕ is nontrivial then the cotype is finite and so α(S) > 0 and ϕ satisfies a suitable condition 2 . It has been proved in [13] that if ϕ * does not satisfy condition 2 , then ϕ,w contains an isomorphic copy of l 1 , and so it has a trivial type ( [4] , [17] ).
